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Graphs

n ∈ N, p prime

Let Γ be a graph on the vertices {1, . . . , n} with adjacency matrix

A = (aij)1≤i,j≤n

such that:

aij ∈ Fp (weighted)

aij = aji (undirected)

aii = 0 (no loops)
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Graphs

n ∈ N, p prime

Example (n = 5, p = 3)
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A =


0 1 2 1 0
1 0 2 0 0
2 2 0 1 0
1 0 1 0 2
0 0 0 2 0


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Graphs

Definition

For every vertex k and c ∈ Fp \ {0}, define

fk(Γ) = Γ′ where

a′ij = aij + aikajk (i ̸= j)

gk,c(Γ) = Γ′ where

a′ij =

{
c · aij if i = k or j = k

aij else

Clifford group equivalence

Γ ∼C Γ′ if there is a sequence of fk and gk,c that converts Γ into Γ′.
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Graphs

Example (p = 2)
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Graphs

Example (p = 3)
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Graphs

Example (p = 3)
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Graphs

Example (p = 3)
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Graphs

Example (p = 3)
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Graphs

Question

How many equivalence classes does ∼C have?

→ w.l.o.g. Γ connected
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Graphs

Question

How many equivalence classes does ∼C have?

Strategies:

Graph of graphs

Sorting by the number of edges

Recursion
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Graphs

Question

How many equivalence classes does ∼C have?

p
n

1 2 3 4 5 6 7 8 9 · · · 12

2 1 1 1 2 4 11 26 101 440 · · · 1274068
3 1 1 1 3 5 21 73 ? ? · · · ?
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Stabiliser codes

H := (Cp)⊗n

· · ·

Quantum error-correcting code

An ((n, k, d))p quantum error-correcting code is a k-dimensional
subspace of H for which all errors of weight at most d− 1 can be
detected.

Stabiliser code

C = {ψ ∈ H | Sψ = ψ for all S ∈ S} where S ⩽ Pn

Pn is the Pauli group
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Stabiliser codes

p = 2

Pauli matrices

X =

(
0 1
1 0

)
, Y =

(
0 −i
i 0

)
and Z =

(
1 0
0 −1

)

Pauli group

P =⟨X,Y, Z⟩
={±I,±iI,±X,±iX,±Y,±iY,±Z,±iZ}
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Stabiliser codes

ωp = 1, ω ̸= 1, ζ2 = ωShift operator

X =


0 0 · · · 0 1
1 0 · · · 0 0

0 1
. . .

...
...

...
. . . 0 0

0 0 · · · 1 0


Clock operator

Z =


1 0 · · · 0 0
0 ω · · · 0 0
...

...
. . .

...
...

0 0 · · · ωp−2 0
0 0 · · · 0 ωp−1


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Stabiliser codes

ωp = 1, ω ̸= 1, ζ2 = ω

Pauli group

Pn :=
{
ζλX x⃗Z z⃗ | λ = 1, . . . , 2p and x⃗, z⃗ ∈ (Fp)

n
}

where X x⃗Z z⃗ := Xx1Zz1 ⊗ · · · ⊗XxnZzn

ZX = ωXZ
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Stabiliser codes

Stabiliser code

C = {ψ ∈ H | Sψ = ψ for all S ∈ S} where S ⩽ Pn

Stabiliser group

S = {P ∈ Pn | Pψ = ψ for all ψ ∈ C}
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Stabiliser codes

S =
〈
ζλiX x⃗iZ z⃗i

〉
1≤i≤n−k

=⇒ dim C = pk
λ1
λ2
...

λn−k

 and G =


x11 · · · x1n z11 · · · z1n
x21 · · · x2n z21 · · · z2n
...

...
...

...
xn−k,1 · · · xn−k,n zn−k,1 · · · zn−k,n


Example (p = 3, n = 3)

S = ⟨XZ2 ⊗ Z ⊗ I,

X ⊗XZ ⊗ Z⟩
=⇒ G =

(
1 0 0 2 1 0
1 1 0 0 1 1

)
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Stabiliser codes

Clifford group

Cn :=
{
U ∈

(
Cp×p

)⊗n | UU † = I and U †PU ∈ Pn for all P ∈ Pn

}

Clifford group equivalence

C ∼C C′ ⇐⇒ S ′ = U †SU for some U ∈ Cn,
modulo a permutation of the factors in the tensor product

Example

X and Z are Clifford operators
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Stabiliser codes

From now on, let k = 0.

G =


x11 · · · x1n z11 · · · z1n
x21 · · · x2n z21 · · · z2n
...

...
...

...
xn1 · · · xnn zn1 · · · znn



Theorem

C is equivalent to a code where G is of the form (I |A), with A an
adjacency matrix of a weighted graph.

→ graph state G =


1 0 · · · 0 0 a12 · · · a1n
0 1 · · · 0 a21 0 · · · a2n
...

...
. . .

...
...

...
. . .

...
0 0 · · · 1 an1 an2 · · · 0


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Stabiliser codes

Example (p = 2)

21

4 3

G =


1 0 0 0 0 1 0 1
0 1 0 0 1 0 1 0
0 0 1 0 0 1 0 1
0 0 0 1 1 0 1 0



S = ⟨X ⊗ Z ⊗ I ⊗ Z,

Z ⊗X ⊗ Z ⊗ I,

I ⊗ Z ⊗X ⊗ Z,

Z ⊗ I ⊗ Z ⊗X⟩

C is a ((4, 1, 2))2 code
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Stabiliser codes

Theorem

Let C and C′ be one-dimensional stabiliser codes with stabiliser
groups S and S ′ and graphs Γ and Γ′ respectively. Then

C ∼C C′ ⇐⇒ Γ ∼C Γ′

Question

How many equivalence classes does ∼C have?

Strategies:

Graph of graphs

Sorting by the number of edges

Recursion

Explicit Clifford operator
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Thank you for listening!
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Finite geometry

G =


1 0 · · · 0 0 a12 · · · a1n
0 1 · · · 0 a21 0 · · · a2n
...

...
. . .

...
...

...
. . .

...
0 0 · · · 1 an1 an2 · · · 0



→ lines in PG(n− 1, p)

→ quantum set of lines

Theorem

X is a quantum set of lines of PG(n− k − 1, 2) iff every
codimension 2 subspace is skew to an even number of the lines in X .
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